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Abstract 

Purpose: To analyze the flip-angle dependence 

and to optimize the statistical precision of a fast 

three-dimensional T1-mapping technique based 

on the variable-flip-angle (VFA) method. The 

proposed single-flip-angle (1FA) approach ac-

quires only a single 3D spoiled gradient-echo 

data set for each time point of the dynamical se-

ries in combination with a longer baseline meas-

urement. 

Theory and Methods: The optimal flip angle for 

the dynamic series can be calculated as 

αdyn,opt=arccos[(2E1–1)/(2–E1)] (with E1 =  

exp(–TR/T1)) by minimizing the statistical error of 

T1. T1 maps of a liquid phantom with stepwise 

increasing concentrations of contrast-agent were 

measured using a saturation-recovery (SR) and a 

VFA/1FA technique with 11 flip angles. The 

standard deviation of the parameter maps was 

defined as statistical error of the 1FA measure-

ment. 

Results: The measured statistical error of the 

1FA technique as a function of αdyn agrees well 

with the derived theoretical curve. The optimal 

flip angle increases from about 5° for T1=2629 ms 

to 30° for T1=137 ms. The relative deviation be-

tween 1FA and SR measurements varies between 

–2.9 % and +10.3 %. Measurements in vivo con-

firm the expression for the optimal flip angle. 

Conclusion: The proposed flip-angle-optimized 

1FA technique optimizes the precision of T1 val-

ues in dynamic phantom measurements. 
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Introduction 

Fast mapping of the longitudinal MR relaxation 

time constant (T1) is of considerable interest for 

many different MRI applications and several differ-

ent approaches for T1 mapping have been proposed 

in the past (1-6). Fast dynamic T1 mapping methods 

with temporal resolutions in the order of seconds 

are desirable in particular for the rapid quantifica-

tion of contrast-agent concentrations. Dynamically 

acquired contrast-agent concentrations are of in-

terest, e. g., for an improved quantification of he-

modynamic parameters such as blood flow or blood 

volume in dynamic contrast-enhanced perfusion 

MRI (DCE-MRI) (7). 

The most frequently used approaches for T1 

mapping are saturation-recovery (SR) or inversion-

recovery (IR) experiments with different recovery 

times (1), Look-Locker-like experiments (2, 3), IR 

snapshot fast low-angle-shot (snapshot FLASH) 

experiments (4), or fast gradient-echo techniques 

with variable flip angles (VFA) (5, 6). 

The purpose of the present study was to analyze 

the flip-angle dependence and to optimize the sta-

tistical precision of a fast three-dimensional T1 

mapping approach based on the VFA technique, in 

which only a single 3D gradient-echo data set for 

each time point of the dynamical series is acquired. 

Theory 

The conventional VFA technique is based on the 

acquisition of at least two (but frequently more) 

gradient-echo data sets with different flip angles – 

typically in a range between 2° and 30° (5). The 

signal, S, of each acquisition is given by the FLASH 

equation (4) 

 𝑆 = 𝑆0 sin(𝛼)
1−𝐸1

1−𝐸1 cos(𝛼)
𝐸2, [1] 

where S0 is the signal (magnetization) after full 

longitudinal relaxation, α the flip angle, 

𝐸1 = exp(−𝑇𝑅/𝑇1), and  𝐸2 = exp(−𝑇𝐸/𝑇2
∗). E1 (and, 

hence, the relaxation time constant T1 = –TR / ln E1) 

can be obtained from at least 2 signals S(α) ac-

quired at different flip angles by solving the corre-

sponding system of linear equations for the 2 un-

known variables E1 and S0E2. 

For dynamic applications with high temporal 

resolutions, this approach can be accelerated by 

combining a longer baseline acquisition with multi-

ple flip angles (prior to the actual dynamic acquisi-

tion) and a fast repeated acquisition with only a 

single flip angle for the dynamic phase (8). The 

baseline acquisition is used to determine the value 

of S0. The signal intensity, Sdyn, of the subsequent 

single-flip-angle (1FA) acquisitions with flip an-

gle αdyn can be used to determine E1,dyn (and T1,dyn) 

by inversion of Eq. [1] if S0 is known: 

 𝐸1,dyn =
𝑆0E2 sin(𝛼dyn)−𝑆dyn

𝑆0E2 sin(𝛼dyn)−𝑆dyn cos(αdyn)
 

          ≈
𝑆0 sin(𝛼dyn)−𝑆dyn

𝑆0 sin(𝛼dyn)−𝑆dyn cos(αdyn)
. [2] 

The shown approximation is based on neglecting 

the T2* dependence for sufficiently short echo times 

TE, i. e., for E2 ≈ 1. 

The optimal flip angle, αdyn, for the dynamic 

phase can be determined by minimizing the statis-

tical error, ΔE1,dyn, of E1,dyn. In general, this error is 

given by 

  ∆𝐸1,dyn = √(|
∂E1,dyn

∂Sdyn
| ∆Sdyn)

2

+ (|
∂E1,dyn

∂S0
| ∆S0)

2

. [3] 

Assuming sufficient time for a precise baseline 

measurement of the fully relaxed signal S0 and, 

thus, considering only the influence of errors, 

ΔSdyn, of the measured dynamic signal intensity, 

Sdyn, the statistical error of E1,dyn is in good approx-

imation 

 ∆𝐸1,dyn ≈ |
∂E1,dyn

∂Sdyn
| ∆Sdyn 

             =
𝑆0 sin(𝛼dyn)  (1−cos(𝛼dyn))

(𝑆0 sin(𝛼dyn) −𝑆dyn cos(𝛼dyn))
2 ∆Sdyn [4] 

and, after replacing Sdyn by the expression in 

Eq. [1] 

 ∆𝐸1,dyn ≈
(1−𝐸1,dyn cos(𝛼dyn))

2

𝑆0 sin(𝛼dyn) (1−cos(𝛼dyn))
∆Sdyn. [5] 

This statistical error is shown in Fig. 1 and has – as 

a function of αdyn for given E1,dyn – a unique mini-

mum defining the optimal flip angle, αdyn,opt, for 

dynamic T1 measurements, which can be calculated 

as the zero of the derivative  
∂

∂αdyn
∆E1,dyn(𝛼dyn) = 0:  

 𝛼dyn,opt = arccos
2𝐸1−1

2−𝐸1
. [6] 

It is interesting to note that αdyn,opt lies always above 

the Ernst angle αErnst = arccos(E1) (9) by about 

33 % to 73 %; cf. Fig. 1.  
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Figure 1: Statistical error ΔE1,dyn (grey-scaled) of dy-

namic E1,dyn (and T1) measurement with the single-

flip-angle approach as a function of T1/TR and of the 

flip angle αdyn. The minimum error (i. e., the optimal 

flip angle) as a function of T1/TR is indicated by the 

thick black line. For comparison, the Ernst angle is 

shown as thinner white line.  

Methods 

The proposed single-acquisition method for dynam-

ic T1 quantification was evaluated in phantom 

measurements on a 3-Tesla whole-body MRI scan-

ner (Magnetom Verio, Siemens Healthcare, Erlan-

gen, Germany) using a liquid phantom with step-

wise increased concentrations of gadolinium con-

trast agent (gadobutrol, Gadovist, Bayer Schering 

Pharma, Berlin, Germany). The phantom was based 

on physiological saline solution and the contrast-

agent concentration was varied in 7 steps from 0 to 

about 1.2 mmol/L. 

3D spoiled gradient-echo measurements were 

performed at each step with 11 flip angles: 

αdyn = 2.5°, 5.0°, 7.5°, 10.0°, 12.5°, 15.0°, 17.5°, 

20.0°, 22.5°, 25.0°, and 30.0°. Other sequence pa-

rameters were: TR = 7.0 ms, TE = 3.0 ms, ma-

trix = 128×128×48, spatial resolution: 

1.44×1.44×4 mm³, receiver band-

width = 391 Hz/pixel, RF phase spoiling increment: 

33°. The scan time for each of the 11 3D data sets 

was 43 s. The B1 field was measured for flip-angle 

correction with the ‘actual flip-angle imaging’ (AFI) 

method (10); sequence parameters were 

TR,1 = 20 ms, TR,2 = 100 ms, TE = 5.0 ms, flip angle 

α = 60°, matrix = 64×64×48, spatial resolution: 

2.88×2.88×4 mm³, receiver band-

width = 391 Hz/pixel, RF phase spoiling increment: 

33°, spoiler gradient duration of 12 ms (in TR,1) and 

61 ms (inTR,2); resulting in a scan time of 6:08 min. 

As reference, T1 was determined using a 2D satura-

tion-recovery (SR) measurement based on a turbo-

FLASH sequence; the protocol parameters were 

TR = 2.7 ms, TE = 1.3 ms, 17 recovery times 

Trec = 71, 171, 271, 371, 471, 571, 671, 771, 871, 

971, 1210, 1460, 1710, 1960, 2460, 2960, 4960 ms, 

flip angle α = 15°, matrix = 128×128×24, spatial 

resolution: 1.44×1.44×6 mm³, receiver band-

width = 737 Hz/pixel. The total scan time for all 17 

saturation-recovery experiments was about 12 

minutes in each of the 7 experimental steps. 

T1 maps were calculated for each of the 7 ex-

perimental steps with increasing Gd concentrations 

using the saturation-recovery data sets (7 × 1 T1 

map based on 17 recovery times), the complete 

VFA data sets (7 × 1 T1 map based on all 11 flip 

angles), and finally for each single flip angle (7 × 11 

T1 maps) using the proposed 1FA technique and 

the S0 map of the VFA evaluation of step 0. For the 

VFA and 1FA evaluation, the flip angle was correct-

ed on a pixel-by-pixel basis based on the AFI B1 

measurements. T1 was determined by pixelwise 

non-linear fitting of the SR and FLASH equation to 

the acquired data for the SR and VFA measure-

ments, respectively; for the 1FA measurements, T1 

was determined directly using Eq. [2]. 

The quantitative evaluation was based on a box-

shaped region of interest of 20 × 34 × 18 = 

12,240 pixels in the VFA/1FA maps and 

20 × 34 × 12 = 8,160 pixels in the SR maps; the 

latter region extends over fewer slices because of 

the larger slice thickness. The statistical error of the 

1FA method was assessed (and compared to the 

theory) using the spatial standard deviation of the 

T1 maps in this region; to evaluate the precision of 

this estimate, the aforementioned region was sub-

divided into 8 octants, standard deviations within 

each octant were calculated separately, and then 

mean values and standard deviations of these 8 

values were determined. The systematic error of T1 

mapping was assessed using the T1 mean value 

(and its standard deviation) over the complete re-

gion and its relative deviation from the SR refer-

ence measurements.  

To demonstrate the applicability of the flip-

angle optimization in vivo, an additional series of 

3D spoiled gradient-echo measurements of the 

head of a healthy volunteer (who gave written in-
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formed consent to this study) was acquired on a 

1.5-Tesla whole-body MRI scanner (Magnetom 

Avanto, Siemens Healthcare, Erlangen, Germany) 

with 13 flip angles: αdyn = 1.0°, 2.5°, 5.0°, 7.5°, …, 

30.0°. Other sequence parameters were: 

TR = 5.0 ms, TE = 1.2 ms, matrix = 128×128×80, 

spatial resolution: 2×2×2 mm³, receiver band-

width = 488 Hz/pixel. T1 maps were calculated us-

ing the VFA approach based on all 13 flip angles. 

Then, the brain was segmented from the dataset 

using the brain extraction tool (BET) of the FMRIB 

Software Library (FSL, Analysis Group, Oxford, UK) 

(11). Within the T1 maps restricted to brain tissue, 

we defined 3 sets of pixels by T1 thresholding: 

sample #1: 750 ms < T1 < 850 ms, sample #2: 

1050 ms< T1 < 1150 ms, sample #3: 

1350 ms< T1 < 1450 ms. Using the S0 map of the 

VFA evaluation, 1FA T1 maps for each flip angle 

were calculated. Finally, for each of the 3 pixel 

samples defined above, the standard deviation of 

the difference of T1,1FA(αdyn) and T1,VFA was deter-

mined and used as a surrogate quantity for the sta-

tistical error of the 1FA T1 maps. 

Results 

The T1 relaxation times of the liquid phantom de-

creased from about 2600 ms (step 0, no Gd added) 

to about 140 ms (step 6, highest concentration of 

Gd). The statistical error of the T1 quantification 

(standard deviation of T1 map) as a function of αdyn 

for different relaxation times, T1, is plotted in 

Fig. 2a–g together with the (appropriately scaled) 

theoretical curve ΔE1,dyn(αdyn) (as given in Eq. [5]). 

The minima of both the measured errors and the 

theoretical curve agreed well and increased from 

about 5° for T1=2629 ms to 30° for T1=137 ms (Ta-

ble 1). In Fig. 2h, the theoretical and experimental-

ly determined optimal flip angles are compared in a 

Bland-Altman plot (12), which indicates a reasona-

ble agreement with a small negative bias (about –

2.5°) of the experimentally determined flip angles. 

The Spearman’s rank correlation ρ of these flip 

angles is 0.991 (p-value 0.000015).

 

Figure 2: Measured statistical error (parameter standard deviation in T1 maps, black circles with error bars) and 

scaled theoretical statistical error (ΔE1,dyn, solid black line) for 7 different relaxation times (a–g). The minima of 

the experimental and theoretical statistical errors are indicated by dotted and dashed vertical lines, respectively. 

(h) Bland-Altman plot of the theoretically (αdyn,opt) and experimentally (αopt) optimal flip angle. 
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Table 1: Measured T1 time constants (standard deviations) and optimal flip angles for 1FA measurements 

 Step 0 Step 1 Step 2 Step 3 Step 4 Step 5 Step 6 

T1 (ms): SR (reference)  2629 (128) 1544  (38) 941 (16) 749 (12) 392  (6) 223  (4) 137  (3) 

αopt (experiment) 5.0° 7.5° 10.0° 10.0° 15.0° 22.5° 30.0° 

αdyn,opt (theory) 7.23° 9.43° 12.06° 13.50° 18.59° 24.50° 30.97° 

T1 (ms): 1FA (αdyn=12.5°) 2901 (278) 1607 (142) 935 (79) 730 (60) 381 (32) 222 (20) 140 (15) 

Relative deviation of T1 (%) +10.3 +4.0 –0.6 –2.6 –2.9 –0.2 +2.6 

 

 

 

 

 
Figure 4: Statistical error of measurements in vivo. (a) VFA reference T1 map based on 13 flip angles between 1° 

and 30°; (b–d) 1FA T1 maps for 3 different flip angles of 2.5°, 10.0°, and 30.0°; (e–g) parameter standard deviation 

in T1 maps (black circles) and scaled theoretical statistical error (ΔE1,dyn, solid black line) for 3 different sets of 

pixels (different relaxation time ranges). The minima of the experimental and theoretical statistical errors are 

indicated by dotted and dashed vertical lines, respectively. 

Figure 3: T1 map comparison of saturation-recovery ap-

proach (SR, reference), the proposed single-flip-angle 

(1FA) approach with a flip angle of 12.5°, and the varia-

ble-flip-angle (VFA) approach with 11 flip angles between 

2.5° and 30°. Background pixels with signal intensity be-

low a threshold value are set to 0. 
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The determined T1 values of the SR and 1FA 

measurement with αdyn=12.5° (which is approxi-

mately the mean value of αdyn,opt over the T1 range 

from 140 to 2630 ms) are also listed in Table 1. The 

relative deviation between the 1FA measurements 

and the standard of reference varied between –

2.9 % and +10.3 %. 

Parameter maps of T1 determined with the satu-

ration-recovery technique, the optimized 1FA ap-

proach, and with the conventional VFA technique 

(using all 11 flip angles) are shown in Fig. 3. The 

maps illustrate a good visual agreement of both 

methods. 

In-vivo results are displayed in Fig. 4. T1 maps 

illustrate that the statistical error of the 1FA maps 

increased for too small (2.5°, Fig. 4b) or too large 

(30.0°, Fig. 4d) flip angles, while the data quality 

obtained with a flip angle of 10.0° (Fig. 4c, the op-

timum for TR=5 ms and T1 relaxation times around 

1000 ms as found in brain tissue) was similar to the 

quality of the VFA map (Fig. 4a). The estimated 

statistical errors as a function of the flip angle αdyn 

as well as the optimal flip angles agreed well with 

the scaled theoretical curve (Fig. 4e–g) for all 3 

analyzed ranges of T1; the number of pixels of each 

evaluated T1 range was N=24,541 for sample #1, 

N=17,429 for sample #2, and N=16,597 for sample 

#3. 

Discussion 

The rapid measurement of T1 after contrast-agent 

administration based on a FLASH sequence with 

only a single flip angle has first been proposed by 

Brookes et al. in 1996 (8). Their theoretical analy-

sis, however, is complicated by the fact that the 

statistical error is considered as a function of three 

flip angles (two flip angles applied prior to the dy-

namic phase and a third one used during the dy-

namic phase). In the present approach, we simplify 

the analysis by assuming the acquisition of a suffi-

ciently large number of baseline measurements 

(before the dynamic phase) such that the statistical 

error of all baseline parameters can be neglected. 

Thus, the statistical error of the dynamic T1 meas-

urement depends only on the flip angle used during 

the dynamic phase and is given by a relatively sim-

ple expression somewhat similar to the Ernst angle 

equation: 𝛼dyn,opt = arccos[(2𝐸1 − 1)/(2 − 𝐸1)]. As 

shown in Fig. 1, the optimal flip angle for the 1FA 

method is always greater than the Ernst angle; i. e., 

it is not the flip angle with the maximum available 

signal. Instead, it is basically the absolute change of 

the signal when varying T1 that is maximized by 

this flip angle. 

This theoretically derived optimal flip angle 

could be experimentally confirmed by the present-

ed results in a liquid phantom with varying T1 re-

laxation times and in vivo: the flip angle with mini-

mal statistical error (parameter noise) in the exper-

iments agrees well with the theoretical optimal flip 

angle αdyn,opt (Table 1, Figs. 2 and 4). The remaining 

small but systematic deviations of the measured 

optimal flip angle in the phantom displayed in the 

Bland-Altman plot (Fig. 2h) have two explanations. 

(a) The discrete flip angle sampling in steps of 2.5° 

reduces the accuracy of the results particularly at 

lower flip angles; as can be seen in Figs. 2a and 2b, 

the actual minimum is to be expected between the 

measured angles and closer to the theoretical val-

ue. (b) The (theoretical and experimental) curves at 

higher flip angles are very flat; thus, it is difficult to 

precisely determine the minimum. 

Some systematic deviations of the statistical er-

ror in vivo at higher flip angles between 25° and 

30° may be related to increasing involuntary sub-

ject motion towards the end of the series of meas-

urements (even small sub-voxel head motion will 

increase the standard deviation of the set of pixels 

in the difference image data). Considering all our 

results from MRI measurements, the chosen ap-

proach for flip-angle optimization was fully justified 

by experimental data. Other, considerably more 

complex signal and error analysis approaches as 

developed by Deoni et al. (6) or Dathe and Helms 

(13) are not required to model the precision of the 

proposed 1FA approach. 

The 1FA technique provides reasonably accu-

rate T1 values (with a maximum deviation of 

10.3 % for the longest T1 and with deviations of 

about ±3% for the other measurements) compared 

to the standard-of-reference SR technique. For the 

longest T1, the parameter choice of the SR meas-

urement (in particular, the longest recovery time of 

about 5 seconds) might not be optimal. The remain-

ing T1 deviations could be related to neglected T2* 

influences and imperfect B1 correction. T2* effects 

are unavoidable at higher contrast-agent concen-

trations and depend on the transversal relaxivity 

and, in particular, also on the spatial distribution of 
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the contrast agent in the voxel volume. They can be 

reduced by minimizing the echo time (and, if pos-

sible, by avoiding too high concentrations of con-

trast agent). 

Visually, the 1FA T1 maps agree well with the 

SR T1 maps (cf. Fig. 3). The SR acquisition of the 

liquid with longest T1 visually suffered from some 

motion-induced flow (convection), which is proba-

bly the reason for the remaining systematic differ-

ences of T1 when comparing the SR and the 1FA 

results. 

The present study was performed with a series 

of relatively slow conventional 3D FLASH acquisi-

tions (temporal resolution of about 40 s/volume). 

However, it can easily be implemented with ultra-

fast dynamic acquisition techniques such as 

TRICKS (14) or TWIST (15), which dramatically 

improve the temporal resolution of T1 mapping to 

the order of about 1 s/volume. Further improve-

ments of the proposed techniques might include 

the dynamic adjustment of the optimal flip angle 

during the measurement based on real-time-

evaluated T1 estimates in a region or volume of 

interest. 

Generally, the proposed technique suffers from 

the same limitations as all VFA-related approaches 

for T1 mapping. Systematic errors are caused, e. g., 

by B1 inhomogeneities, particularly at higher field 

strengths of 3 Tesla or more. These effects can be 

reduced either by more homogeneous B1 excitation 

using, e. g., parallel-transmit techniques (16, 17), 

or by correction techniques based on B1 measure-

ments as in the present study (10). Another difficul-

ty of VFA-based T1 mapping are spoiling-related 

errors as analyzed in detail by Yarnykh (18). Both 

effects may have influenced the accuracy of the 

presented T1 values and need to be considered for 

accurate T1 mapping; however, our main result, 

i. e., the dependence of the statistical error on the 

flip angle, is not directly influenced by these ef-

fects. System (or signal) stability can be a limiting 

factor for the accuracy of T1 measurements particu-

larly in very long dynamic acquisitions: all dynamic 

acquisitions are evaluated based on the initial base-

line measurements; consequently, any long-term 

signal drift will be reflected by biased T1 values. 

Thus, for very long measurements (over, e. g., more 

than 5 minutes) the proposed technique may be 

used only, if the system is known to provide excel-

lent temporal signal stability; otherwise, conven-

tional VFA T1 measurements (based on at least 2 

different flip angles for each dynamic phase) may 

be preferable – at least for later phases, in which 

the dynamic change of T1 is typically much slower 

than in the first part (arterial phase) of the meas-

urement. 

Conclusions 

Fast dynamic T1 mapping with optimal precision is 

feasible acquiring only a single 3D FLASH data set 

for each time point in combination with a longer 

baseline measurement. The optimal flip angle for 

the dynamic series can be determined by averaging 

𝛼dyn,opt = arccos[(2𝐸1 − 1)/(2 − 𝐸1)] over the ex-

pected range of T1 values. 
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